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STEPS TOWARDS A CLASSIFICATION OF Cr-GENERIC
DYNAMICS CLOSE TO HOMOCLINIC/HETEROCLINIC POINTS
N. GOURMELON
Abstract. We present here the first part of a program for a classification of the
generic dynamics that may appear close to homoclinic and heteroclinic points, in
the Cr topologies, r ≥ 1. This paper contains only announcements, formalism,
and a few sketches of proofs. A forthcoming series of papers will present the
proofs in details.
The two prototypical examples of non-hyperbolic dynamics are homoclinic tan-
gencies and heterodimensional cycles. Palis conjectured that they actually char-
acterize densely non-hyperbolic dynamics. It is therefore important to understand
what happens close to those bifurcations.
A classical result of Newhouse [N2] from the seventies asserts that close to
diffeomorphisms of a surface with a homoclinic tangency there is abundance of
diffeomorphisms exhibiting infinitely many sinks or sources. This was extended
to higher dimensions by Palis and Viana [PV], in the nineties, assuming however
that the tangency is sectionally dissipative, which implies in particular that it has
index 1. We propose a full generalization of the results of Newhouse, Palis and
Viana, for both tangencies and cycles: close to a homoclinic tangency or to a het-
erodimensional cycle there is abundance of diffeomorphisms exhibiting infinitely
many sinks or sources if and only if the dynamics is not volume-hyperbolic. This
implies in particular a conjecture of Turaev for homoclinic tangencies.
The dichotomy between volume-hyperbolicity and Newhouse phenomena actu-
ally holds in a much more general setting. It holds on "heteroclinic graphs", that
is, on heteroclinic combinations of hyperbolic sets, under a generic combinatorial
condition.
An important result by Bonatti, Diaz, Pujals [BDP] states that if a homoclinic
class is C1-robustly without dominated splitting, then nearby diffeomorphisms
exhibit C1-generically infinitely many sinks or sources. We obtain that this holds
in Cr-regularity, for r > 1, under the further assumption that non-dominations
are obtained through so-called "mechanisms". This includes all the examples of
robustly non-dominated homoclinic classes one can build with the tools known
up to now.
We actually have a Cr-equivalent of a recent C1-result of Bochi and Bon-
atti [BB] as we describe precisely the Lyapunov exponents along periodic points
that may appear close to a homoclinic tangency or to a homoclinic class.
The results of Newhouse, Palis and Viana were proven for the Cr topologies,
r ≥ 2. Our results hold also in the C1+α topologies.
Date: August 10, 2018.
2010 Mathematics Subject Classification. 37Cxx, 37Dxx, 37Gxx; 28Dxx, 34C23, 34C37, 34K18.
Key words and phrases. Discrete-time systems; semilinear systems; bilinear systems; universal
regular control.
Supported by the IMB, Université de Bordeaux.
Partially supported by the ANR project DynNonHyp BLAN08-2 313375.
Partially supported by EU Marie-Curie IRSES "Brazilian-European partnership in Dynamical
Systems" (FP7-PEOPLE-2012-IRSES 318999 BREUDS).
Partially supported by IMPA - Rio de Janeiro and by the Laboratoire de Mathématiques (UMR
8628), Faculté des Sciences d’Orsay, Université Paris-Sud.
1
ar
X
iv
:1
41
0.
17
58
v4
  [
ma
th.
DS
]  
29
 O
ct 
20
14
2 N. GOURMELON
1. Introduction
One wants to describe typical dynamical patterns, that is, the largest possible
classes of dynamical systems. By large sets, we mean open and dense sets, or residual
sets, that is, a countable intersection of open and sense subsets. In this paper we
study the dynamics of Cr-generic diffeomorphisms, that is, the dynamics of residual
subsets of diffeomorphisms of Diffr(M), whereM is a compact Riemannian manifold
and r ≥ 1.
In the last 40 years, huge progress has been made in the classification of C1-generic
diffeomorphisms, building on a number of C1-specific perturbative tools such as the
closing lemma of Pugh, the ergodic closing lemma of Mañé, the connecting lemma
of Hayashi and the Franks’ lemma, as well as a number of remarkable extensions
(see [C1] for a survey).
However, a residual set of C1-diffeomorphisms may not intersect the set of Cr
diffeomorphism, for r > 1. Therefore the dynamics of typical C1-diffeomorphisms
does not a priori indicate anything on the dynamics of typical C2-diffeomorphisms.
And indeed, Newhouse [N1] showed the existence of C2-open sets of diffeomorphisms
on surfaces presenting some dynamical phenomena (tangencies), while a result of
Moreira [Mo] implies that these phenomena only appear for diffeomorphisms in a
C1-meager set.
In fact, the tools enumerated above are lacking in higher regularity: the Cr-closing
and -connecting lemmas are still conjectures and the Franks’ lemma does not hold in
Cr-topology, for r > 1. We present here a program whose aim is to provide a setting
in which that shortage of tools is circumvented and a number of landmark results of
C1-generic dynamics are extended to the Cr-topology.
Most of the results of this program are transposable to the volume preserving
setting.
1.1. Context. There exists an open set of diffeomorphisms – now called hyperbolic
diffeomorphisms – whose dynamics has been extensively studied and are now well
understood, thanks in particular to the spectral decomposition theorem of Smale
(see for instance [BDV]).
Unfortunately, hyperbolic diffeomorphisms fail to be dense in Diff1(M) when
dimM ≥ 3 [AS], and in Diff2(M) on surfaces [N1]. The two prototypical exam-
ples of non-hyperbolic dynamics are homoclinic tangencies and heterodimensional
cycles. Palis conjectured that they densely characterize open sets of non-hyperbolic
dynamics:
Conjecture 1.0.1 (Palis’ density conjecture). For r ≥ 1, any diffeomorphism in
Diffr(M) is either approximated by hyperbolic ones or by diffeomorphisms exhibiting
a homoclinic tangency or a heterodimensional cycle.
One main goal of differentiable dynamical systems is therefore to describe what
phenomena appear close to tangencies and cycles with the study of
• unfolding of homoclinic tangencies, Hénon-like families and related problems
of renormalization theory, which constitute whole areas of dynamical systems.
• unfolding of heterodimensional cycles: there are a number of advances in
particular by Diaz, Rocha, Bonatti, Kiriki, in the C1-topology, and in smooth
topologies by Turaev, Gonchenko, Shil’nikov, among other authors.
Much of the existing literature is about what happens close to these two well-
delimited dynamical mechanisms that yield non-hyperbolic dynamics, and such will
Cr-GENERIC DYNAMICS CLOSE TO HOMOCLINIC/HETEROCLINIC POINTS 3
it remain in the Cr topologies, for r > 1, as long as the absence of closing and
connecting lemmas gives no hope of a global description of generic dynamics.
One aspect of our work is to propose a setting that unifies all the known dynamical
mechanisms that yield robustly non-hyperbolic dynamics, that puts aside the prob-
lems posed by these lacking tools, and in which the practical dynamical consequences
of the Franks’ lemma will hold.
1.2. Informal presentation of results. The definitions and the precise statements
are given in Section 2.
1.2.1. Newhouse phenomena close to homoclinic tangencies and heteroclinic cycles.
In celebrated papers of the seventies, Newhouse [N1, N2] showed that homoclinic
tangencies on surfaces lead to particularly wild dynamics: nearby any smooth dif-
feomorphism on a surface with a homoclinic tangency, there is a residual subset of
an open set of diffeomorphisms, such that any element in it displays infinitely many
sinks or sources. That open set is often called a Newhouse region.
That result was extended in the nineties to higher dimension by Palis and Viana [PV]
for saddles that satisfy a technical condition "sectional dissipativity" that implies in
particular that the saddle has stable or unstable index 1. Gonchenko, Shil’nikov and
Turaev also explored generic dynamics close to certain heteroclinic cycles [GST1,
GST3].
A natural obstruction for the appearance of sinks or sources close to a set is
a weak form of hyperbolicity called "volume-hyperbolicity". Turaev conjectured a
sharp dichotomy, which we state informally:
Conjecture 1.0.2 (Turaev). Let r ≥ 2. There is a Newhouse region Cr-close to a
homoclinic tangency if and only if that tangency is not volume-hyperbolic.
Our program leads to a proof of the conjecture and actually to a full generaliza-
tion of the results of Newhouse and Palis-Viana for both homoclinic tangencies and
heteroclinic cycles. Let us state it informally:
Theorem. Let r > 1. There is a sharp dichotomy: a homoclinic tangency or a
heteroclinic cycle is
• either volume-hyperbolic,
• or there is a Newhouse region Cr-close to it.
The theorem is precisely stated in § 2.2. While the theorems of Newhouse, Palis-
Viana hold in Cr-topologies, r ≥ 2, our results are valid in the C1+α topologies
thanks to a theorem by Crovisier and the author, as explained in Section 4.
In Section 6, we state a similar dichotomy in the general setting "heteroclinic
graphs", that is, on heteroclinic and homoclinic combinations of hyperbolic sets,
under a generic combinatorial condition on the graph.
1.2.2. Mechanisms. A basic set for a difeomorphism f is a compact hyperbolic set,
that is transitive and locally maximal. Its index (also stable index) is the dimension
of its stable manifold. Bonatti [B] proposed to call "mechanism" any of the two
following dynamical objects:
• robust tangencies: a basic set K such that for any small Cr-perturbation of
the dynamics, the stable and unstable laminations of the continuation of K
meet non-transversally,
• robust cycles: a pair of basic sets K and L such that, for any small Cr-
perturbation, the unstable lamination of one meets the stable lamination of
the other.
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Figure 1. Cycle (Ki, xi)i∈Z/3Z of basic hyperbolic sets containing the
saddle P and a tangency at x3.
He conjectured that there is an open and dense subset of diffeomorphisms that are
either hyperbolic, or exhibit one of these two mechanism. These two are "mecha-
nisms" in that they are well-delimited dynamical objects that involve only a finite
number of basic sets and their respective local stable and unstable laminations. We
propose to extend the list of mechanisms to include:
• periodic points with non-simple Lyapunov spectrum: periodic points at which
the derivative of the first return map has a pair of eigenvalues (counted with
multiplicity) with same modulus,
• tangencies between different basic sets: a pair of basic sets of same index
such that the stable lamination of one meets non-transversally the unstable
lamination of the other. More generally: "bundle tangencies", where a plane
of a strong-stable or center-stable distribution on the stable manifold of one
basic set intersects in a non-generic position a plane of a strong-unstable or
center-unstable distribution on the unstable manifold of the other basic set.
An invariant set is dominated of index i, if it admits a two-bundles dominated
splitting where the first bundle has dimension i (see § 2.1). We will say that the
chain-recurrence class C(P, f) of a saddle P has mechanically no domination of index
i if P is in a cycle of basic hyperbolic sets that contains a mechanism – either a
periodic point with non-simple Lyapunov spectrum or a tangency/bundle tangency
– preventing domination of index i, as depicted in Fig. 1. Here are the important
facts underlying our definition of mechanisms:
1. A cycle of saddle points has no domination of index i if and only if it has
mechanically no domination of index i.
2. All known examples of homoclinic classes/chain-recurrence classes robustly
without domination of some index i, are obtained through mechanisms.
Similarly to the conjecture of Bonatti, we conjecture that for a residual set of
diffeomorphisms, non-dominations on the chain-recurrence class of any saddle P are
all mechanical. This is presented with more details in § 2.3.2; bundle tangencies are
discussed in § 3.1.
1.2.3. Extensions of classical C1-dynamics results to the Cr-topology through mech-
anisms. By a famous result by Bonatti, Diaz and Pujals [BDP], C1-generically, if a
homoclinic class has no domination, then it is the Hausdorff limit of a sequence of
sinks or sources. We show that their result holds Cr-generically, for r ≥ 1, under the
further assumption that non-dominations are mechanical:
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Theorem. Let r ≥ 1. Given a Cr-generic diffeomorphism, if the chain-recurrence
class of a saddle P has mechanically no domination of any index, then the homoclinic
class of P is the Hausdorff limit of a sequence of sinks or sources.
We refer the reader to § 2.3.3 for definitions and formal statement. As noted
above, mechanisms include all the dynamical objects known to lead to robust non-
domination, therefore we get that:
The Bonatti-Diaz-Pujals theorem holds for r ≥ 1, for all the examples of homoclinic
classes Cr-robustly without dominated splitting we can build with the tools we know
of, to date.
Wen [W] and the author [G2] proved that a homoclinic class of a saddle P has no
domination of same index as P if and only if there is a C1-perturbation that creates
a homoclinic tangency related to P . We prove the following:
Theorem. Let r ≥ 1. If the chain-recurrence class of a saddle P has mechanically
no domination of same index as P , then there is a Cr-perturbation of the dynamics
that creates a homoclinic tangency related to P .
Actually, we prove more generally that if the chain-recurrence class of a saddle P
has mechanically no-domination of index i, then one creates a bundle tangency of
index i related to P by a Cr-perturbation. It is easy to deduce, with the techniques
of [BCDG], that if the homoclinic class of a saddle P has no domination of index i
then there is a C1-perturbation that creates a bundle tangency of index i related to
P .
Finally, the Bonatti-Diaz-Pujals results were generalized recently by Bochi and
Bonatti [BB] who described the vectors of Lyapunov exponents that one gets along
periodic orbits close to a homoclinic class, by C1-perturbations, according to the
indices for which there is no dominated splitting on the homoclinic class. In Section 7,
we propose an extension to Cr-diffeomorphisms, using mechanisms and their notion
of Lyapunov graph.
We deduce a full picture of the Cr-generic Lyapunov exponents along periodic
orbits, close to homoclinic tangencies: those asymptotically realizable vectors of
Lyapunov exponents (by Cr-perturbations) form a convex polytope, and they are
locally generically simultaneously realized. More precisely, for a generic diffeomor-
phism in a nearby open set of dynamics, the vectors of Lyapunov exponents along
periodic orbits are dense in a neighborhood of the polytope (see § 7.2).
1.3. About this paper. All the results stated here are only announcements, al-
though the main steps of the most difficult proofs are outlined. The theorems we
announce are numbered more or less by increasing complexity of their statements.
Such are the dependences:
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Proposition 6.7 Proposition 6.8 Theorem 12 Proposition 7.1
Theorem 11: robustization of
non-dominations on
heteroclinic graphs
Theorem 13
Corollary 12.1:
a Cr-version of [BB]
on heteroclinic classes
{
Theorem 2
Theorem 7 (C1+α)
Theorem 4 Theorem 3 Theorem 9
Theorem 10: Newhouse ph./Volume Hyperbolicity
dichotomy on heteroclinic graphs
{
Theorem 1
Theorem 8 (C1+α)
Corollary 10.1
Legend: AV B : B is a direct consequence of A
A⇒ C ⇐ B : (A and B) imply C.
2. Definitions and statement of results
We now give formal definitions and state precisely the simple versions of our
results. The introduction of the new notion of bundle tangency is postponed to
Section 3 since the larger part of these results can be understood without it. The
C1+α theorems are stated in Section 4. The most general theorems, involving het-
eroclinic combinations of basic sets, need an adequate formalism and are stated in
Section 6. Finally, the results about the description of Lyapunov exponents along
periodic orbits are postponed to Section 7.
2.1. preliminary definitions. As we noted in the introduction, since a classifica-
tion of the global dynamics of Cr-generic diffeomorphisms seems out of reach, for
r > 1, most of the existing literature considers an invariant non-hyperbolic com-
pact invariant set Λ with a well-defined dynamical mechanisms (almost always a
homoclinic tangency or a heterodimensional cycle), and studies what happens in a
neighborhood of Λ for generic perturbations of the dynamics.
We want to explore this question systematically for a widest possible class of sets
Λ. For simplicity, we propose the following:
Definition 2.0.1. Given a diffeomorphism f ∈ Diffr(M) and an f -invariant set Λ,
we will say that Newhouse phenomena occur Cr-close to Λ if the following holds: for
any open set U containing Λ, there exists an open set U ⊂ Diffr(M) such that
• f is in the closure of U ,
• Cr-generic diffeomorphisms in U have infinitely many sinks or sources, by
restriction to U .
The problem we deal with in the first part of our program may be formulated as
follows:
Problem 2.1. Given an f -invariant set Λ, characterize the occurrence of Newhouse
phenomena Cr-close to Λ by the dynamical properties of the restriction f|Λ.
One may of course want to characterize all kinds of dynamical phenomena:
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Problem 2.2. Given an f -invariant set Λ, characterize the dynamical phenomena
(for instance homoclinic tangencies, wild dynamics, universal dynamics, viral dy-
namics, etc...) that occur Cr-close to Λ by the dynamical properties of the restriction
f|Λ.
Let us now define a few of the "characteristic" dynamical properties of f|Λ.
An invariant set Λ is hyperbolic if there is a Df -invariant continuous splitting
TM|Λ = Es ⊕ Eu of the tangent bundle such that there is some positive iterate of
the dynamics that contracts (resp. dilates) by a factor λ > 1 all nonzero vector of
Es (resp. Eu). The index of Λ is the dimension of its stable bundle.
The notion of hyperbolic splitting is naturally weakened to that of dominated
splitting: a Df -invariant continuous splitting TM|Λ = E1 ⊕ . . .⊕ Ek into constant-
dimensional vector bundles is dominated if there exists λ > 1 and an iterate N >
0 such that for any point x ∈ Λ, for any pair of unit vectors u, v ∈ Ei, Ei+1 in
consecutive bundles and above x, we have
‖DfN (u)‖ < λ−1‖DfN (v)‖.
A domination of index i on an f -invariant set Λ is a dominated splitting E⊕F such
that the bundle E has dimension i.
An invariant set Λ of a diffeomorphism f is volume-hyperbolic if there exists a
dominated splitting TΛM = Evs ⊕ Ec ⊕ Evu such that the bundles Evs, Evu are
non-trivial and such that volume is contracted on Evs and expanded on Evu by a
factor λ > 1 by some iterate of the dynamics, that is, for some N , for all x ∈ Λ, the
determinants det(DfN|Evsx ) and det(Df
−N
|Evux ) are less than λ
−1.
Remark 2.1. If a set Λ is volume-hyperbolic, clearly no sink nor source will appear
by C1 perturbations in a neighborhood of Λ.
Remark 2.2. By [G1], there are adapted metrics to dominated splittings: one may
change the Riemannian metric onM to an equivalent Riemannian metric and assume
that N = 1 in the definition of domination.
2.2. Problem 2.1 for homoclinic tangencies and heterodimensional cycles.
A homoclinic tangency is a saddle point P whose stable and unstable manifold meet
non-transversely at a point x. We say that we have a homoclinic tangency related to
P . By abuse of terminology, we call homoclinic tangency the compact set
Λ = Orb(x)
= Orb(P ) ∪Orb(x).
A heteroclinic cycle is a pair of saddle points P,Q connected through two heteroclinic
points x ∈W s(P )∩W u(Q) and y ∈W u(P )∩W s(Q). Similarly we call heteroclinic
cycle the set
Λ = Orb(x) ∪Orb(y)
= Orb(P ) ∪Orb(Q) ∪Orb(x) ∪Orb(y).
A heterodimensional cycle is a particular case of heteroclinic cycle where P and Q
have different indices. Let us restate the classical results of Newhouse in dimension
2:
Theorem (Newhouse [N1, N2]). Let r ≥ 2 and let Λ be a homoclinic tangency on a
surface. Then Newhouse phenomena occur Cr-close to Λ.
In a remarkable paper, Palis and Viana extended this to higher dimension under
a technical hypothesis: the f -invariant set Λ is called sectionally dissipative if, either
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for f or its inverse, volume on any 2-plane P in TΛM is exponentially contracted by
positive iterations. In particular, the saddle must have index 1 or coindex 1.
Theorem (Palis-Viana [PV]). Let r ≥ 2 and let Λ be a sectionally dissipative homo-
clinic tangency. Then Newhouse phenomena occur Cr-close to Λ.
Dealing with higher index saddles adds difficulty. As seen in the introduction,
Turaev conjectured that volume-hyperbolicity is the only obstruction to the occur-
rence of Newhouse phenomena Cr-close to a homoclinic tangency. Some particular
cases of heteroclinic cycles were extensively studied by Shil’nikov, Gonchenko and
Turaev [GST1, GST3].
We now restate formally our main theorem, which fully generalizes the Newhouse,
Palis-Viana theorems. It implies Conjecture 1.0.2 and solves Problem 2.1 for both
homoclinic tangencies and heteroclinic cycles:
Theorem 1. Let r ≥ 2 be an integer. Let Λ be a homoclinic tangency or a hetero-
clinic cycle for a diffeomorphism f ∈ Diffr(M). One has a sharp dichotomy:
• either Λ is volume-hyperbolic,
• or Newhouse phenomena occur Cr-close to Λ
The first step to prove Theorem 1 is to turn robust, that is, resistant to small
perturbations, the lack of domination on Λ. Recall first that the homoclinic class of
a saddle P is defined by the closure of the transverse intersections of the stable and
unstable manifolds of P :
Hom(P, f) = W s(f, P ) tW u(f, P ).
Here is the robustization theorem:
Theorem 2. Let r ≥ 2 be an integer. Let Λ be a homoclinic tangency or a hetero-
clinic cycle containing a saddle P for a diffeomorphism f ∈ Diffr(M). Assume that
Λ has no dominated splitting of any index in a set I ⊂ N.
Then one can make simultaneously robust those non-dominations by a Cr-perturbation:
in any neighborhood V ⊂ Diffr(M) of f , there exists an open set U ⊂ V of diffeo-
morphisms g such that the homoclinic class Hom(Pg, g) of the continuation Pg of P
has no domination of any index i ∈ I.
The theorem that we actually prove is more precise in its conclusions: the robust
non-dominations are obtained through the mechanisms evoked in the introduction
and defined in § 2.3.2. We will precisely use these mechanisms to eventually create
sinks or sources.
In fact, both theorems hold for more general sets Λ:
Addendum to Theorems 1 and 2: both theorems still hold if the homoclinic
tangency or heterodimensional cycle Λ is replaced by a union
Λ =
⋃
1≤j≤n
Orb(Pj) ∪
⋃
1≤j≤m
Orb(xj)
where each Pj is a saddle point, so that:
• the α-limit (resp. ω-limit) of each point xj is one of the orbits Orb(Pk),
• if we define an oriented graph Γ so that each Orb(Pj) is a vertex and each
Orb(xj) is an edge from α(xj) to ω(xj), then that graph is Eulerian, that is,
there is a closed path that goes through each edge once and only once (see
Theorem 2).
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P3
Orb(x1)
P1 P2
P4
Orb(x1)
Figure 2. Example of a set Λ, "Eulerian" union of saddles and hetero-
clinic orbits. There are Newhouse phenomena Cr-close to this set if and
only if it is not volume hyperbolic.
Remark 2.3. We point out that these theorems
• also hold in C1+α topologies; this is discussed in Section 4.
• hold for even more general sets Λ, namely, for heteroclinic combinations of
basic sets under a similar Eulerian condition, which happens to be generic.
This is discussed in Section 6.
Remark 2.4. The Eulerian condition in the addendum is essential. It can not be
replaced by a weaker strong connectivity condition, as the counter-example of § 6.1
shows (see also Fig. 5).
2.3. Problem 2.1 for chain-recurrence classes. The results stated here are Cr-
extensions of theorems of C1-generic dynamics [BDP, W, G2, BB]. They are needed
to deduce Theorem 1 from Theorem 2.
2.3.1. Chain-recurrence classes. In dissipative dynamics, all the complexity of the
dynamics (entropy, etc...) is visible by restriction to a set of points who present a
certain form of recurrence. Conley [Co] proposed a weakest form of recurrence, now
widely used: chain-recurrence, that is recurrence through pseudo-orbits.
An -pseudo orbit is a sequence (xi)1≤i≤n in M such that the distance from f(xi)
to xi+1 is less than . We write x a`y if, for all  > 0, there exist -pseudo-orbits of
length > 1 from x to y and from y to x. The chain-recurrent set is the set C(f)
of points x such that x a`x. The relation a` is an equivalence relation on C(f). The
chain-recurrence class C(x, f) of x ∈ C(f) is the equivalence class of x.
An f -invariant set Σ ⊂ C(f) is called chain-recurrent if for all x, y ∈ Σ, for all
 > 0, there exist -pseudo-orbits in Σ from x to y and from y to x.
If a point P is a saddle then the chain-recurrence and homoclinic classes of P will
actually be identified to pointed sets:
C(P, f) := (C(P, f), P )
Hom(P, f) :=
(
Hom(P, f), P
)
.
The continuations of the chain-recurrence and homoclinic classes of a saddle P for f
are therefore well-defined, for any diffeomorphism g in a small neighborhood of f .
2.3.2. Mechanisms. In [B], Bonatti proposed to gather under the term "mechanisms"
dynamical objets that are known to robustly prevent hyperbolicity. Similarly, we
propose a simple and comprehensive list of "mechanical obstructions to domination":
it gathers all the known ways to build homoclinic classes/chain-recurrence classes
that are robustly non-dominated of some index i.
We need first a few definitions. A basic set is a transitive locally maximal invariant
hyperbolic set. A cycle of basic sets is a cyclic sequence (K`, x`)`∈Z/nZ where the
K` are basic sets – not necessarily of same index – and xi is an intersection point
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of the unstable lamination of K` and the stable one of K`+1. We call mechanical
obstruction to domination of index i any of the following:
• a periodic point Q of period p such that the eigenvalues λ1, ..., λd of the deriv-
ative Dfp at Q, counted with multiplicity and ordered by increasing moduli,
satisfy |λi| = |λi+1|.
• a tangency, that is, a pair of basic sets K,L of index i whose stable and
unstable bundles meet non-transversely, or more generally, a bundle tangency
of index i, which we define precisely in § 3.1:
a plane of a strong-unstable or center-unstable distribution on the unstable
manifold of K intersects non-generically a plane of a strong-stable or center-
stable distribution on the stable manifold of L, so that domination of index i
is prevented.
We say that the chain-recurrent class C(P, f) of a saddle P has mechanically no
domination of index i if there is a cycle of basic sets that contains P and a mechanical
obstruction to domination of index i.
Remark 2.5. Two chain-recurrence classes C(P, f) and C(Q, f) may coincide as sub-
sets of M , but one may have mechanically no domination of some index while the
other not. This is not an abuse of terminology if, as said previously, we consider
chain-recurrent classes to be pointed sets.
Fact. In all known examples, C1- or Cr-robust obstructions to domination on the
chain-recurrent class C(P, f) of a saddle (see [N1, N2, PV, GST1, GST3, BD], among
other works) are locally openly and densely mechanical.
The same way Bonatti [B] conjectured that robust tangencies and heterodimen-
sional cycles characterize openly and densely non-hyperbolic dynamics, we conjecture
that mechanisms encompass all the generic obstructions to dominated splittings:
Conjecture 2.5.1 (non-dominations are generically mechanical). There is a residual
subset R of Cr-diffeomorphisms f such that if the chain-recurrent class C(P, f) of
a saddle P is not dominated of index i, then it has Cr-robustly mechanically no
domination of index i.
This conjecture is partially proved in the C1-topology as a consequence of the
works of [BC1] and [BCDG].
2.3.3. Newhouse phenomena versus domination. To understand the theorems stated
here in their fullest extent, one would need to read the lengthy definition of bundle
tangency in Section 3. We postponed that definition since the larger part of these
results can be understood without it.
Problem 2.1 for homoclinic classes and in the C1-topology is already quite well
understood, thanks to the existing perturbative tools: closing, ergodic closing, con-
necting, Franks’ lemmas and their multiple extensions. In a landmark paper of
C1-generic dynamics, Bonatti, Diaz and Pujals [BDP] showed that, C1-generically,
if a homoclinic class Λ = Hom(P, f) has no domination of any index, then it is the
Hausdorff limit of a sequence of sinks and sources. We propose an extension to the
Cr-topology, for r ≥ 1; we show that the result holds for all the known examples of
Cr-generic homoclinic classes, to date.
Theorem 3. For any integer r ≥ 1, for any diffeomorphism f in a residual subset
R ⊂ Diffr(M), if the chain-recurrent class C(P, f) of a saddle P has mechanically
no domination of any index, that is:
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if, for any index 1 ≤ i < d, there is a cycle of basic sets that contains the saddle
P and either
• a periodic point Q of period p such that the eigenvalues λ1, ..., λd of the deriv-
ative Dfp at Q, counted with multiplicity and ordered by increasing moduli,
satisfy |λi| = |λi+1|,
• or a non-transverse intersection point of the stable and unstable laminations
of to two basic sets K,L of index i (possibly K = L),
• or, more generally a bundle tangency of index i, as defined later in section 3.1,
then the homoclinic class Hom(P, f) is the Hausdorff limit of a sequence of sinks or
sources.
Examples of chain-recurrent classes having robustly mechanically no domination
can be easily built in many ways, combining together hyperbolic sets that may con-
tain saddles with complex eigenvalues, using blenders as in [BD], or large Hausdorff
dimension horseshoes (in the Cr-topologies) to create robust tangencies or robust
heterodimensional cycles.
With the fact stated in § 2.3.2, Theorem 3 implies the following:
In all known examples of chain-recurrent class without dominated splitting, there is
Cr-generically a sequence of sinks or sources that Hausdorff converges to the corre-
sponding homoclinic class.
Theorem 3 implies that if a chain-recurrent class is robustly mechanically without
domination of any index, then the homoclinic class is locally generically the Hausdorff
limit of a sequence of sinks or sources. The hypotheses can be weakened; it is indeed
enough to ask that mechanical non-dominations be locally dense, for each index i:
Theorem 4. Let r ≥ 1 be an integer and let P be a saddle point for a diffeomorphism
f . Let U ⊂ Diffr(M) be an open neighborhood of f such that
• the continuation Pg of P is defined for g ∈ U ,
• for all 1 ≤ i < d, there is a dense subset Di ⊂ U of diffeomorphisms g such that
the chain-recurrent class C(Pg, g) has mechanically no domination of index i.
Then there is a residual set R ⊂ U of diffeomorphisms g such that the homoclinic
class Hom(Pg, g) is the Hausdorff limit of a sequence of sinks or sources.
We also get a Cr-version of the most general statement of [BDP], which says that if
a homoclinic class is C1-robustly not volume-hyperbolic, then Newhouse phenomena
occur C1-close to it. We refer the reader to Section 5 for a precise statement.
2.3.4. Tangencies versus domination. Wen [W] and the author [G2] proved that if
a homoclinic class of a saddle P has no domination of same index as P then there
is a C1-perturbation that creates a homoclinic tangency related to P , that is, the
stable and unstable manifolds of P meet non-transversely after perturbation. We
extend it to the Cr-topologies, again under the assumptions that non-dominations
are mechanical:
Theorem 5. Let r ≥ 1 be an integer and let f ∈ Diffr(M). Let P be a saddle orbit
for f such that its chain-recurrent class C(P, f) has mechanically no domination of
same index as P .
In any Cr-neighborhood U ⊂ Diffr(M) of f there exists a diffeomorphism g such
that P is again a saddle for g, with a homoclinic tangency related to it.
We actually prove the more general theorem:
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Theorem 6. Let r ≥ 1 be an integer and let f ∈ Diffr(M). Let P be a saddle for f
such that its chain-recurrent class C(P, f) has mechanically no domination of index
i.
In any Cr-neighborhood U ⊂ Diffr(M) of f there exists a diffeomorphism g such
that P is a saddle for g, with a bundle tangency of index i related to it.
With the techniques of [BCDG], one deduces that if the homoclinic class of a
saddle P has no domination of index i then there is a C1-perturbation that creates
a bundle tangency of index i related to P .
2.3.5. Description of Lyapunov exponents for periodic points close to homoclinic
classes. The results of Bonatti-Diaz-Pujals [BDP] were generalized recently by Bochi
and Bonatti [BB] who described the vectors of Lyapunov exponents that one gets
along periodic orbits close to a homoclinic class, by C1-perturbations, according to
the indices for which there is no dominated splitting on the homoclinic class.
We propose a Cr-version of [BB]: using their idea of Lyapunov graph, we describe
the vectors of Lyapunov exponents that one gets along periodic orbits close to a
generic homoclinic class, by Cr-perturbations, according to the indices for which
there is mechanically no dominated splitting.
With Theorem 2, we deduce a full picture of the Cr-generic Lyapunov exponents
along periodic orbits, close to homoclinic tangencies: the vectors of Lyapunov expo-
nents of the periodic points that may appear asymptotically close to a homoclinic
tangency, by Cr-perturbations, form a convex polytope.
Moreover, for Cr-generic diffeomorphisms g in a nearby open set U ⊂ Diffr(M),
the vectors of Lyapunov exponents for periodic points of g form a dense set of a
(small) neighborhood of that polytope. This is presented in Section 7.
3. Bundle tangencies and heteroclinic classes
We give the definition of bundle tangency, needed to understand Theorems 3 to 6
to their full extent. We also discuss the notion of heteroclinic relation which is a
natural extension of the notion of homoclinic relation, and which gives a clearer
understanding of our work.
3.1. Bundle tangencies. We define a notion that generalizes homoclinic tangen-
cies. Note first that if an invariant set K has a dominated splitting TMK = E⊕F of
some index i, that is, the bundle dim(E) has constant dimension i, then the center
unstable bundle F is uniquely extended to a bundle F˜ above the unstable set
W u(K) = {x ∈M,α(x) ⊂ K}
that is Df -invariant and locally continuous, that is, continuous by restriction to a
local unstable set
W u (K) = {x ∈W u(K) s.t. ∀n ∈ N,dist(f−n(x),K) < },
for some  > 0. Symmetrically, the center stable bundle E is uniquely extended to a
Df -invariant and locally continuous bundle E˜ above the stable set W s(K).
Definition 3.0.1. A bundle tangency is the data of
• a point x ∈M
• two dominated splittings TM|α(x) = Eα⊕Fα and TM|ω(x) = Eω ⊕Fω on the
α- and ω-limits of x, such that the extended bundles F˜α and E˜ω are not in
Cr-GENERIC DYNAMICS CLOSE TO HOMOCLINIC/HETEROCLINIC POINTS 13
generic position at x, that is, both following conditions are met:
dT = dim(F˜
α
x ∩ E˜ωx ) > 0,(3.1)
TxM 6= F˜αx ⊕ E˜ωx .(3.2)
We also say that we have a bundle tangency at x, associated to the dominated
splttings Eα ⊕ Fα and Eω ⊕ Fω. We call dT the dimension of the bundle tangency
(the dimension of a bundle tangency does not correspond to its degree of degeneracy).
Note that Eqs. (3.1) and (3.2) force that
iα + dT > iω,(3.3)
where iα and iω are the respective indices of the dominated splittings Eα ⊕ Fα and
Eω ⊕ Fω.
Scholium 3.1. If we have a bundle tangency of dimension dT at x associated to
dominated splittings of indices iα and iω, then there is no dominated splitting of any
index i such that
iω − dT < i < iα + dT
on the compact invariant set α(x) unionsqOrb(x) unionsq ω(x).
We call those integers i the indices of the bundle tangency. By Eqs. (3.1) and (3.3)
the set of indices is non-empty. One deduces from the scholium that the point x does
not belong to the limit sets α(x) and ω(x).
A bundle tangency related to a saddle P is a bundle tangency where α(x) =
ω(x) = Orb(P ).
Example 3.1.1. A homoclinic tangency related to a saddle point P is a bundle
tangency related to P and associated to the hyperbolic splitting TPM = EsOrb(P ) ⊕
EuOrb(P ) along the orbit of P . Conversely, if the index of P is also an index of a
bundle tangency related to P , then that bundle tangency is a homoclinic tangency.
Example 3.1.2. If a saddle point P of stable index 2 in R3 has eigenvalues
0 < λ1 < λ2 < 1 < λ3,
then there is a strong stable foliation of dimension 1 on the stable manifold of P . If
the unstable manifold meets the stable one tangently to that foliation at some point
x, then there is at x a bundle tangency of indices 1 and 2 related to P .
A robust bundle tangency of index i is a pair of basic sets K and L for a diffeomor-
phism f such that for any neighboring diffeomorphism g, the stable and unstable
manfifolds of the continuations Kg and Lg meet at a bundle tangency of index i.
The first examples of robust homoclinic tangencies are due to [N1, PV, Ro]. But
it needs not be a homoclinic tangency; we mention indeed the following example
without expliciting the construction:
Example 3.1.3. Embedding for a instance Plykin attractor K into a normally
hyperbolic manifold, it is easy to build a C1-robust bundle tangency related to K
that is not a homoclinic tangency. This is a robust obstruction to domination on
the homoclinic class of K that is not a tangency nor a pair of complex conjugate
eigenvalues.
Nevertheless, one can prove in this example that some Cr-perturbation will create
a saddle orbit homoclinically related to K, along which there is a pair of complex
conjugate eigenvalues of the corresponding index.
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3.2. Heteroclinic classes. The notion we define here is natural and facilitates the
statement of our results. We say that two basic sets K and L are heteroclinically
related if and only if they belong to some common cycle of basic sets. This is an
equivalence relation on basic sets. Recall that the homoclinic class of a saddle point
P is the closure of the transverse intersections of the stable and unstable manifolds
of P .
Definition 3.1.1. Given a diffeomorphism f , the heteroclinic class Het(K, f) of a
basic set K is the union of the basic sets K` and the points x`, such that K,K`, x`
are part of a common cycle of basic sets.
Remark 3.2. • A heteroclinic class is chain-recurrent.
• The closure of a heteroclinic class contains the homoclinic class of each of its
saddle points.
• In general, it is not the union of these homoclinic classes.
Proposition 3.3. For any integer r ≥ 1, there is a residual subset of Cr-diffeomorphisms
f such that
1. for any saddle point P , Het(P, f) = Hom(P, f).
2. If two basic sets K and L are heteroclinically related, they are robustly so.
We say that a heteroclinic class Het(P, f) is mechanically without domination of
index i if it contains a mechanical obstruction to domination of index i. Note that we
do not need now to consider Het(P, f) to be a pointed set, for this to be well-defined.
Theorem 3 then restates in terms of heteroclinic classes as follows:
There is a Cr-residual set of diffeomorphisms f , such that if a heteroclinic class
Het(P, f) is mechanically without domination of any index, then its closure is the
homoclinic class Hom(P, f) and is the Hausdorff limit of a sequence of sinks and
sources.
4. The C1+α-topologies
Newhouse, Palis-Viana and Turaev worked in Cr topology, for r ≥ 2. Our work
also holds for the C1+α-topologies; it actually even holds in some way for the C1-
topology, provided we restrict ourselves to C1+α-diffeomorphisms with a fixed Hölder
constant.
Let us give a few definitions. Choose an atlas on M and let 0 < α ≤ 1. Given
a real number C > 0, we denote by Diff1+αC (M) the set of C
1-diffeomorphisms f
whose derivative has class Cα with Hölder constant C: for all points x, y ∈M such
that x, y are in a common chart and f(x), f(y) also, we have
‖Df(x)−Df(y)‖ < C‖x− y‖α,
for the respective norms given by these charts. We endow that space with the
topology of C1-convergence. This is a Baire space.
One of the many ingredients of Theorem 2 is actually to turn robust homoclinic
tangencies. This was done in Cr-topologies for r ≥ 2, by Romero [Ro] using the
result of Palis and Viana [PV].
A result of Moreira [Mo] implies that this is not possible in the C1-topology.
However, using a theorem of Bonatti and Crovisier [BC2], and adapting the original
argument of Newhouse in dimension 2, Crovisier and the author [CG] simplify and
extend the Palis-Viana-Romero result about robustization of tangencies to the space
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of C1-diffeomorphisms with bounded Hölder constant.1 One then gets the following
C1+α-version of Theorem 2:
Theorem 7. Fix an integer r ≥ 1 and a real number 0 < α ≤ 1. Let Λ be a homo-
clinic tangency or a heteroclinic cycle containing a saddle P for a diffeomorphism
f ∈ Diffr(M). Assume that Λ has no dominated splitting of any index in a set I ⊂ N.
Let C > 0 and let V ⊂ Diffr(M) be a neighborhood of f .
There exists an open set U ⊂ Diff1(M) such that
• U intersects V,
• if g ∈ U ∩ Diff1+αC (M), that is, if g ∈ U is C1+α with Hölder constant C,
then the continuated chain-recurrent class C(Pg, g) of P has mechanically no
domination of any index i ∈ I.
Then, using an adapted version of Theorem 3, one obtains the following C1+α-
version of Theorem 1:
Theorem 8. Fix real numbers C > 0 and 0 < α < 1. Let Λ be a homoclinic
tangency or a heteroclinic cycle for a diffeomorphism f ∈ Diff1+αC (M). One has a
sharp dichotomy:
• either Λ is volume-hyperbolic,
• or there is an open set U ⊂ Diff1+αC (M) such that
– f is in the closure of U
– and any g in a residual set R ⊂ U has infinitely many sinks or sources.
Actually, the set of diffeomorphisms in U that have infinitely many sinks or sources
is slightly larger than C1-residual: it contains a countable intersection of C1-open
and, for all r > 1, Cr-dense sets.
5. Mechanical non-volume-hyperbolicity and Newhouse phenomena
The most general result of [BDP] states that for any diffeomorphism f in a residual
subset of Diff1(M), if a homoclinic class Hom(P, f) is not volume-hyperbolic, then
it is the Hausdorff limit of a sequence of sinks or sources. This is in fact the theorem
that we need to adapt to the Cr-topology in order to prove Theorem 1. Let us first
define a notion of mechanical non-volume-hyperbolicity.
Remark 5.1. A compact invariant set Λ of a diffeomorphism f is not volume-hyperbolic
if and only if, given the finest dominated splitting
TM|Λ = E1 ⊕ ...⊕ Ek
above Λ, there exists a Riemannian metric on M and a point x ∈ Λ such that
• either volume is not contracted on E1x by any positive iterate of the dynamics,
that is, for any n ∈ N, ∣∣detDfn|E1x∣∣ ≥ 1.
• or volume is not contracted on Ekx by any negative iterate of the dynamics,
that is, for any n ∈ N, ∣∣detDf−n|Ekx ∣∣ ≥ 1.
This remark motivates the following definition:
1This means that Moreira, when disjoining dynamically defined Cantor sets, builds C1-maps
that have huge Hölder constants if we coerce them to the C1+α-world.
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Definition 5.1.1. The chain-recurrent class Λ = C(P, f) of a saddle P for a dif-
feomorphism f is mechanically not volume-hyperbolic if, given the finest dominated
splitting
TΛM = E
1 ⊕ ...⊕ Ek
above Λ, there exists a point x in the heteroclinic class Het(P, f) of P such that
• either the bundle E1 is mechanically without dominated splitting and the
sequence ∣∣detDfn|E1x∣∣, n ∈ N
is not bounded from above,
• or the bundle Ek is mechanically without dominated splitting and the sequence∣∣detDf−n|Ekx ∣∣, n ∈ N
is not bounded from above.
By the bundle E` being mechanically without dominated splitting, we mean that
C(P, f) has mechanically no dominations of all the corresponding indices, that is, of
all indices i such that ∑
j<`
dimEj < i <
∑
j≤`
dimEj .
We conjecture that non-volume-hyperbolicity is generically mechanical:
Conjecture 5.1.1. For any integer r ≥ 1, there is a residual subset R of Cr-
diffeomorphisms f such that if the chain-recurrent class C(f, P ) of a saddle point P
is not volume-hyperbolic, then it is Cr-robustly mechanically not volume hyperbolic.
We now state the announced Cr-version of the most general theorem of [BDP].
Theorem 9. For any integer r ≥ 1, for any diffeomorphism f in a residual subset
R ⊂ Diffr(M), the following holds:
if a chain-recurrent class C(P, f) is mechanically not volume-hyperbolic, then Hom(P, f)
is the Hausdorff limit of a sequence of sinks or sources.
This straightforwardly implies Theorem 3. Conjecture 5.1.1 would then imply the
following:
Conjecture 5.1.2. For any integer r ≥ 1, for any diffeomorphism f in a residual
subset R ⊂ Diffr(M) the following holds:
a homoclinic class Hom(P, f) is not volume-hyperbolic if and only if it is the Haus-
dorff limit of a sequence of sinks or sources.
6. Extensions of Theorems 1 and 2 to other sets Λ
Theorems 1 and 2 solve Problem 2.1 completely when the set Λ is a tangency or a
heteroclinic cycle. We explore in this section the problem for a wider category of sets
Λ, namely unions of heteroclinically connected basic pieces. We bring in particular
a negative answer to the following:
Question 6.1. Does the absence of volume-hyperbolicity on a compact chain-recurrent
set Λ imply that Newhouse phenomena occur Cr-close to Λ ?
The answer to this question, the extensions of Theorems 1 and 2 and their ad-
dendum are not the only excuses for our introduction of the notion of heteroclinic
graphs, later in this section; heteroclinic graphs also happen to be a convenient tool
for understanding the proof of our Cr-versions of [BDP] and [BB], they will also
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Figure 3. The chain-recurrent set Λ = {P,Q} ∪ Orb(x) ∪ Orb(y1) ∪
Orb(y2) has no dominated splitting and is far from Newhouse phenom-
ena. For the sake of clarity we chose not to represent the bundle tangencies
at y1 and y2: both points appear twice in the figure.
allow to quantify how complex the orbits of periodic points need to be, when one
wants to prescribe such-and-such Lyapunov exponents, and later on, to prescribe
such-and-such n-th order derivatives.
The next section answers negatively to Question 6.1 in dimension ≥ 3.
6.1. An example of a non-dominated chain-recurrent set, far from New-
house phenomena. We only build the counterexample in dimension 3 as it is clear
how to adapt it to greater dimension. Let f be a diffeomorphism with two saddles
P and Q of stable indices 1 and 2, respectively, such that the unstable manifold of
Q intersects that of P at a point x, and the unstable manifold of P intersects the
stable one of Q at two points y1 and y2.
Assume moreover that
• there is a three-bundles dominated splitting on {P,Q} ∪Orb(x),
• there is a bundle tangency of index i, and only i, at the heteroclinic point yi,
for i = 1, 2,
• the saddles P and Q are not sectionally dissipative, that is, if λ1 < λ2 < λ3
are the Lyapunov exponents at P (resp. Q), then
λ1 + λ2 < 0
λ2 + λ3 > 0.
• the points yi are separated by the strong-stable (resp. strong-unstable) man-
ifold, within the stable (resp. unstable) manifold of Q (resp. P ).
• if we denote by Ecsx the center-stable half plane in TxM whose positive iterates
converge to the center-stable half plane at P tangent to the half unstable
manifold containing y1, and by Ecux the center-unstable half plane at x whose
negative iterates converge to the center-unstable half plane at Q tangent to
the half unstable manifold containing y2, then we have
Ecsx ∩ Ecux = {x}.
The example is depicted in Fig. 3.
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Claim 6.1. There exist a neighborhood U of f in Diff1(M) and a neigborhood U in
M of the chain-recurrent set
Λ = {P,Q} ∪Orb(x) ∪Orb(y1) ∪Orb(y2),
such that for any diffeomorphism g ∈ U , each periodic point in U is neither a sink
nor a source.
In particular, there is no Newhouse phenomena Cr-close to Λ. The idea of the
proof of the claim is as follows: if a periodic orbit R is created close to Λ by C1-
perturbations, then because of the geometry of Λ it cannot pass both close to y1 and
close to y2. As a consequence there is a strong domination of index either 1 or 2
along R. The absence of sectional dissipativity then prevents that R be a sink or a
source.
6.2. Theorem 1 for heteroclinic graphs. We first need a few definitions. Recall
that a path in a directed graph is an alternating sequence of vertices and connecting
edges. A directed graph is called strongly connected if there exists a path from any
vertex to any other.
Definition 6.1.1. A heteroclinic graph Γ for a diffeomorphism f is a directed graph,
not necessarily finite, such that:
• each of its vertices is a chain-recurrent hyperbolic set,
• each edge from vertex K to vertex L is an orbit whose α-limit and ω-limit are
subsets of K and L, respectively,
A heteroclinic graph may contain loops (homoclinic orbits). The support of a
heteroclinic graph Γ, denoted by supp Γ, is the union of the edges and vertices of Γ.
Remark 6.2. We allow two vertices to have nonempty intersection. This may bring
some technical difficulties (see Proposition 6.7, for instance), but it allows the fol-
lowing nice example:
Example 6.2.1. By definition, any heteroclinic class is the support of a strongly
connected heteroclinic graph. Note that the vertices of that heteroclinic graph cannot
be chosen to be pairwise disjoint, in general.
A heteroclinic graph Γ with support Λ is mechanically without domination of index
i if so is Λ, that is, if Λ contains a mechanical obstruction to domination of index i.
As seen in Section 5, it is natural to say that Γ is mechanically not volume-hyperbolic
if, given the finest dominated splitting
TΛM = E
1 ⊕ ...⊕ Ek
there exists a point x ∈ Λ such that
• either the bundle E1 is mechanically without domination and the sequence∣∣detDfn|E1x∣∣, n ∈ N
is not bounded from above,
• or the bundle Ek is mechanically without domination and the sequence∣∣detDf−n|Ekx ∣∣, n ∈ N
is not bounded from above.
A circuit in a directed graph is a path that starts and ends at the same vertex, and
that does not go twice through the same edge. A directed graph is called Eulerian if
for any finite subset of edges, there exists a circuit that goes through each of those
edges. This implies in particular that the graph is strongly connected.
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Figure 4. Homoclinic tangency and heterodimensional cycle with respec-
tive heteroclinic graphs. Both are Eulerian graphs.
P
Q
Orb(y1) Orb(y2)
Orb(x)
Figure 5. Strong connectivity of the graph is not sufficient: the support
of this strongly connected but non-Eulerian graph is the counterexample of
§ 6.1. It has mechanical obstructions to domination at all indices but no
sinks or sources appear close to its support by Cr-perturbations.
Theorem 10. Let r ≥ 2 be an integer. Let Λ ⊂M be the support of a Eulerian hete-
roclinic graph that is mechanically not volume-hyperbolic, then Newhouse phenomena
occur Cr-close to Λ.
We have the following corollary:
Corollary 10.1. Let r ≥ 2 be an integer and let Λ ⊂ M be the support of a Euler-
ian heteroclinic graph that has mechanically no dominated splitting, then Newhouse
phenomena occur Cr-close to Λ.
The other all-important particular case is that if the vertices of a finite Eulerian
heteroclinic graph are periodic points, then one has a sharp dichotomy between
volume hyperbolicity and Newhouse phenomena: this is the addendum to Theorem 1
in § 2.2. A homoclinic tangency and a heterodimensional cycle, as defined in § 2.2,
are the supports of finite Eulerian heteroclinic graphs (see Fig. 4), therefore we get
Theorem 1.
The Eulerian hypothesis is actually generic:
Proposition 6.3. There exists a residual set R ⊂ Diffr(M) of diffeomorphisms f
such that any heteroclinic class Het(P, f) is the support of a Eulerian heteroclinic
graph.
Proposition 6.3 and Theorem 10 allow to recover Theorems 3 and 9.
Remark 6.4. One cannot replace the Eulerian hypothesis by the weaker strong
connectivity hypothesis in Theorem 10, in dimension ≥ 3. Indeed, the set Λ =
{P,Q}∪Orb(x)∪Orb(y1)∪Orb(y2) from the counterexample of § 6.1 is the support
of a non-Eulerian strongly connected heteroclinic graph, depicted in Fig. 5.
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6.3. Theorem 2 for heteroclinic graphs. This part is about turning robust me-
chanical lack of domination and is central to our work.
6.3.1. Statement of result. A directed graph is infinitely connected if it is strongly
connected and if it remains strongly connected by removal of any finite set of edges.
We note that an infinitely connected graph is always Eulerian. We now state our
result, which straightforwardly implies Theorem 2:
Theorem 11. Let r ≥ 2 be an integer. If a saddle P of f ∈ Diffr(M) is in the
support Λ of a Eulerian heteroclinic graph that has mechanically no dominated split-
ting of indices i ∈ I, then for any open set U containing Λ, there exists an open set
U ⊂ Diffr(M) such that:
• f is in the closure of U ,
• for any g in U , the continuation Pg of the saddle P is in an infinitely connected
heteroclinic graph ∆g supported in U , that contains infinitely many mechanical
obstructions to domination of each index i ∈ I.
This is the central and most difficult part of our work.
Remark 6.5. The same way we wrote in Section 4 a C1+α version of Theorem 2,
Theorem 11 also admits a C1+α version. We leave it to the reader to write its
statement.
Remark 6.6. If the heteroclinic graph is finite and its vertices are saddles, one can
remove the "mechanical" assumption in the hypotheses.
6.3.2. Ingredients for the proof of Theorem 11. It is based on the next two proposi-
tions, which describe how heteroclinic graphs and obstructions to domination can be
changed by Cr-perturbations. A trail in a directed graph Γ is a path that does not
go twice through the same edge. A circuit is therefore a closed trail. The following
propositions describe how Heteroclinic graphs and the mechanical obstructions at
their vertices and edges may be transformed by Cr-perturbations of the dynamics.
This will give us two "allowed" transformations on heteroclinic graphs.
It would be of a clear interest to describe in more generality what are those allowed
transformations. It is not even known when a cycle relating to saddles P and Q can
be Cr-perturbed into a robust cycle containing both saddles (this was extensively
studied by Bonatti and Diaz in the C1-topology).
The first transformation that we present asserts that if a heteroclinic graph con-
tains a trail γ along which there are mechanical obstructions to domination of some
indices i ∈ I, then by a Cr-perturbation one can gather those obstructions on a single
edge with same origin and ending as the trail γ. The rest of the graph will keep the
same configuration and mechanical obstructions for the indices i 6= I. Moreover, the
support of the final graph can be found arbitrarily close to the support of the initial
one. This transformation is illustrated in Fig. 6.
Proposition 6.7. Let r ≥ 2 be an integer. Let f ∈ Diffr(M) be a diffeomorphism
admitting a finite heteroclinic graph
Γ =
(
{K0, ...,Km}, {e1, ..., en}
)
.
and assume that γ = (K0, e1,K1, . . .Kk−1, ek,Kk) is a trail that contains mechanical
obstructions to domination of any index i in a set I. Let  > 0 and U a neighborhood
of K1 ∪ . . . ∪Kk−1.
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Figure 6. Reduction of a heteroclinic graph: all mechanical obstructions
on (e1,K1, e2,K2, e3) are gathered on a single edge e˜ by a Cr-perturbation
on a small neighborhood of K1 ∪K2. The other vertices and edges retain
their mechanical obstructions to domination of other indices.
The reason why we need the Eulerian hypothesis in our theorems is that it
is not possible, in general, to create the edge e˜ without destroying the edges
e1, e2, e3.
Then there is an -perturbation g of f in Diffr(M) and a heteroclinic graph for g
Γ˜ =
(
{K˜0, ..., K˜m}, {e˜, e˜k+1, ..., e˜n}
)
such that g = f outside U , and
• (K˜0, e˜, K˜k) is a trail that contains mechanical obstructions of all indices i ∈ I.
• for all 0 ≤ ` ≤ m, the basic set K˜` for g is the continuation of the basic set
K` for f and retains its initial mechanical obstructions to domination, for all
indices i /∈ I.2
• for ` > k, if e` is an edge from Kp to Kq, then e˜` is an edge from K˜p to
K˜q whose hausdorff distance to e` is less than . Moreover, for any bundle
tangency at e`, there is a bundle tangency of same indices at e˜`.
In particular, the transformation can be done so that the Hausdorff distance be-
tween the supports of Γ and Γ˜ is arbitrarily small.
The second transformation allows to turn a loop to a robustly infinitely con-
nected heteroclinic graph so that any mechanical obstruction along the initial loop
is infinitely replicated in the new graph. The rest of the graph will keep the same
configuration and mechanical obstructions of other indices on each vertex and edge
(see Fig. 7). The support of the final graph can be found arbitrarily close to the
support of the initial one.
Proposition 6.8. Fix r > 1 and f ∈ Diffr(M). Let Γ = ({K}, {e}) be a heteroclinic
graph for f formed by a single loop (K, e,K), and containing mechanical obstructions
to domination of index i, for any integer i in a set I.
Then there exists an open set U ∈ Diffr(M) containing f in its closure such that,
for any g ∈ U ,
• there is an infinitely connected heteroclinic graph Γ˜ for g that contains the
continuation K˜ of K,
• Γ˜ contains infinitely many mechanical obstructions to domination for each
index i ∈ I,
• the Hausdorff distance between the supports of Γ and Γ˜ is less than .
2Note that the vertices are not necessarily disjoint basic sets, which is why all the vertices, and
not only vertices K1, . . . ,Kk−1, may loose domination of indices i ∈ I.
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e K˜
Γ˜
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Figure 7. For any diffeomorphism g in an open set close to the initial
dynamics, the loop (K, e,K) is becomes an infinitely connected heteroclinic
graph Γ˜ containing the continuation K˜ of vertex K, and any mechanical
obstruction in (K, e,K) appears infinitely many times in Γ˜.
If K is part of another finite graph ∆, then for one of those g, the graph ∆
and its mechanical obstructions of other indices can survive in a continuated
form.
The conclusions of Proposition 6.8 may be complemented as follows:
Addendum: If Γ is part of a larger finite heteroclinic graph ∆, for any neighborhood
U of K there is a diffeomorphism g ∈ U arbitrarily Cr-close to f such that
• g coincides with f outside U ,
• ∆ is still a heteroclinic graph for g, up to changing the vertices to their contin-
uations, and up to adapting the edges adjacent to those continuated vertices,
and the mechanical obstructions to domination of indices i /∈ I on each edge
and each vertex are preserved.
Proposition 6.8 is one of the most difficult result among those announced in this
paper. Note that in the particular case of a homoclinic tangency in dimension 2, this
corresponds to the theorem of Newhouse that creates a robust homoclinic tangency
by a Cr-perturbation.
Main steps of the proof of Proposition 6.8: With Proposition 6.7, we reduce the prob-
lem to the case where Λ is the closure of a homoclinic orbit Orb(x) related to a saddle
P .
Let J be the set of indices of non-dominations that are visible only along the
homoclinic orbit Orb(x), that is, through bundle tangencies at x. The first step
of the proof is to turn the homoclinic class of P non-trivial, while recovering a
homoclinic orbit Orb(y) of P with bundle tangencies of same indices.
In dimension 2, J = {1}, Λ is a homoclinic tangency: a simple picture (see for
instance [PT]) can convince the reader that a generic unfolding of the tangency
leads to arbitrarily small parameters where the homoclinic class is non-trivial, and
where the tangency is recovered. The same reasoning works in any dimension when
J = {indP}: unfolding the tangency one recovers it for arbitrarily small parameters
(see [PV, Ro]). When the set J has cardinal ≥ 2, however, a generic unfolding
will not allow to recover all those non-dominations at the same time. One needs to
carefully choose the unfolding.
Let now I be the set of indices of non-domination along the closure of Orb(y).
Each of those non-dominations is either due to a non-simple Lyapunov spectrum
at P , that is, eigenvalues with same moduli at P , or a bundle tangency at y. By
Cr-perturbations, one relates the bundle tangencies to other saddles homoclinically
related to P . One is reduced to two independent problems: given a non-trivial
homoclinic class H(P, f) of a saddle point P ,
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1. if λ1 ≤ ... ≤ λd are the Lyapunov exponents along the saddle P counted with
multiplicity, find a Cr-perturbation of f such that, for any index i, if λi = λi+1
then there is a saddle point Q homoclinically related to the saddle P , at which
there is robustly no dominated splitting of index i, thanks to a pair of complex
conjugate eigenvalues.
2. given a bundle tangency related to P of indices i ∈ J , find a Cr-perturbation
such that for any index i ∈ J ,
• if i = indP , there is a robust homoclinic tangency related to P .
• if i 6= indP , there is a saddle point Q homoclinically related to P at
which there is robustly no dominated splitting of index i, thanks to a
pair of complex conjugate eigenvalues.
The first problem relies on the study of finitely generated semi-groups of matri-
ces, and how those semi-groups behave through perturbations of their generators,
according to the dominated splittings that exist on the corresponding linear cocycle.
The second problem is solved as follows: by perturbations of the eigenvalues at P
and perturbation close to the tangency, one manages to multiply bundle tangencies
through topological arguments. A bundle tangency of index i = indP , that is,
a homoclinic tangency, can be turned robust thanks to [Ro] for regularity r ≥ 2,
or to [CG] for regularity r > 1. Then a pair of bundle tangencies of same index
i 6= ind(P ) can be perturbed to obtain a saddle point homoclinically related to P ,
with complex conjugate eigenvalues at index i. 
7. Results à la Bochi-Bonatti in the Cr-topologies
In this section, we describe precisely the vectors of Lyapunov exponents one may
obtain along periodic orbits by Cr-perturbations close to the chain-recurrent class of
a point P , according to the mechanical obstructions to domination on it. We actually
give here a Cr-version of a theorem of C1-dynamics by Bochi and Bonatti [BB] that
generalizes [BDP].
Let µ be an f -invariant probability measure with Lyapunov exponents λ1 ≤ . . . ≤
λd, counted with multiplicity. The Lyapunov map3 of µ, identified to the tuple
σ(µ) = (σ0, . . . , σd), where σi =
∑
1≤j≤i λi, is the map:
σ(µ) :
{
{0, . . . , d} → R
i 7→ σi =
∑
1≤j≤i λj
.
That map is convex by construction. For all r ≥ 1 and f ∈ Diffr(M), we say
that an f -invariant probability measure µ is Cr-preperiodic if there exists a sequence
fn ∈ Diffr(M) converging to f and a sequence Pn such that Pn is a periodic orbit
for fn and if the corresponding sequence of periodic measures µn converges weakly
to µ.
Bochi and Bonatti get a complete description all the Lyapunov spectra one may
obtain along periodic points by C1-perturbations close to a C1-preperiodic measure:
Theorem (Bochi-Bonatti [BB, Theorem 3]). Let µ be a C1-preperiodic measure for
f , with Lyapunov map σ : {0, . . . , d} → R. Let I be the set of integers 0 ≤ i ≤ d
such that there is a dominated splitting of index i on the support of µ (we assume
that 0, d ∈ I).
Then, any convex map τ ≥ σ coinciding with σ at indices i ∈ I can be realized as
a limit of Lyapunov maps for a sequence of diffeomorphisms fn converging to f in
3Bochi and Bonatti call it the Lyapunov graph, we save the word "graph" for heteroclinic graphs.
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′
2)
Orb(x)
R1 R2
Orb(y′′1 ) Orb(y
′′
2 )
Figure 8. The sum of Dirac measures 12 (δR1+δR2) is a measure supported
in a chain-recurrent set. However the periodic points that appear close to
Λ, by perturbations, cannot visit both a small neighborhood of R1 and of
R2.
Diff1(M) and for a sequence of periodic measure µn ∈ M(fn) weakly converging to
µ.
The conclusion of the theorem may be more formally restated as follows: For any
convex map τ ≥ σ coinciding with σ at indices i ∈ I, there exists a sequence fn ∈
Diff1(M) converging to f and a sequence µn of measures converging to µ for the
weak-star topology such that:
• µn is a periodic measure for fn with Lyapunov map τn, for all n ∈ N,
• the sequence τn converges to τ .
They actually have are more precise statement: they give a full description of such
limit Lyapunov map, if they require moreover that the sequence of supports suppµn
converge for the Hausdorff topology to a fixed compact set Λ. One needs then to
take for I the set of integers 0 ≤ i ≤ d such that there is a dominated splitting of
index i on Λ.
A central question for the global classification of C1-generic dynamics is therefore
to find when an invariant measure is C1-preperiodic. Mañé [M] proved that an
ergodic measure is always C1-preperiodic. Obviously, it is necessary that the measure
be supported in a chain-recurrent set. This is however not sufficient as the following
example shows:
Example 7.0.1. The example of § 6.1 can be refined by adding a pair of saddles R1
and R2 along the heteroclinic connections y1 and y2: we get the heteroclinic graph Γ
depicted in Fig. 8. The sum of Dirac measures µ = 12(δR1 + δR2) is a measure whose
support is in the chain-recurrent set Λ = supp Γ.
However, for the same reasons as in § 6.1, a periodic point obtained by C1-
perturbations cannot go close to both R1 and R2. Thus µ is not C1-preperiodic.
We conjecture however that:
Conjecture 7.0.1. For r ≥ 1, there exists a Cr-residual set of diffeomorphisms for
which any invariant measure supported in a chain-recurrent set is Cr-preperiodic.
7.1. Statement of results. We now give a statement similar to that of Bochi and
Bonatti in the Cr setting. The invariant probability measure µ we now consider,
instead of being C1-preperiodic, is supported in a heteroclinic class Het(P, f), that
is:
µ
[
Het(P, f)
]
= 1.
Likewise, we say that a probability measure µ is supported in a heteroclinic graph Γ
if the support of the graph has total measure:
µ(supp Γ) = 1.
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Theorem 12. Let µ be an f -invariant probability measure supported in an infinitely
connected heteroclinic graph Γ, with Lyapunov map σ : {0, . . . , d} → R. Let I be the
set of integers 0 ≤ i ≤ d such that there is no mechanical obstruction to domination
of index i on Γ (we have 0, d ∈ I).
Then any convex map τ ≥ σ coinciding with σ at indices i ∈ I can be realized as
the limit Lyapunov map of a sequence of periodic measure µn converging weakly to
µ, for a sequence of diffeomorphisms fn converging to f in Diffr(M).
Moreover if U is an open set containing the support of Γ, the sequence (fn, µn)
can be chosen so that suppµn ⊂ U for n large enough.
The infinite connection hypothesis is actually too strong. It would suffice that
there are sufficiently many disjoint paths from a vertex to another; the needed num-
ber of such paths only depends on the dimension d of the manifold. It is however an
acceptable hypothesis since Proposition 6.3 may be generalized to the following:
Proposition 7.1. There exists a residual set R ⊂ Diffr(M) of diffeomorphisms f
such that any heteroclinic class Het(P, f) is the support of an infinitely connected
heteroclinic graph.
Theorem 12 and Proposition 7.1 then give the following generic consequence:
Corollary 12.1. Let r ≥ 1. There is a residual subset R ⊂ Diffr(M) such that if
• f is a diffeomorphism in R,
• µ is an f -invariant probability measure µ supported in a heteroclinic class
Het(P, f), with Lyapunov map σ : {0, . . . , d} → R,
• I is the set of integers 0 ≤ i ≤ d such that there is no mechanical obstruction
to domination of index i on Het(P, f) – we have 0, d ∈ I –
then any convex map τ ≥ σ coinciding with σ at indices i ∈ I is the limit Lyapunov
map of a sequence of periodic f -invariant measures µn converging weakly to µ.
Moreover, that sequence can be chosen so that the supports supp(µn) converge to
the homoclinic class Hom(P, f) for the Hausdorff topology.
This corollary straightforwardly implies Theorems 3 and 9.
7.2. An application: polytope of realizable Lyapunov exponents along pe-
riodic orbits, close to a homoclinic tangency. As is an example of an ap-
plication of Theorem 11 and Corollary 12.1, we refine Theorem 1 by giving a full
description of the vectors of Lyapunov exponents of the periodic measures that can
appear asymptotically close to a homoclinic tangency, by Cr-perturbations: these
vectors form a convex polytope in an affine subspace of Rd.
Remarkably, for Cr-generic diffeomorphisms g in a nearby open set U ⊂ Diffr(M),
the vectors of Lyapunov exponents of the periodic measures of g are dense in a (small)
neighborhood of that polytope.
We first introduce some notation. Given a homoclinic tangency Λ related to a
saddle P for a diffeomorphism f , let
σ = σ(δP ) : {0, . . . , d} → R
be the Lyapunov map for the Dirac measure at saddle point P , and let I be the
union of {0, d} and the set of integers 0 < i < d such that there is a dominated
splitting of index i on Λ. We denote by
G(Λ)
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τ ∈ G(Λ)
0 i d
σ
0
Figure 9. Assume that the only index of domination on Λ is i, then
I = {0, i, d}. The realizable limit Lyapunov maps close to Λ are the convex
maps in the gray region. They form a 3-dimensional polytope.
the set of convex Lyapunov maps τ ≥ σ coinciding with σ at indices i ∈ I (see Fig. 9).
The set G(Λ) corresponds to a convex polytope inside an affine subspace of Rd of
codimension #(I)− 1.
Theorem 13. Let r ≥ 2. Let Λ be a homoclinic tangency for a diffeomorphism
f ∈ Diffr(M). Then G(Λ) is precisely the set of possible limit Lyapunov maps:
τ ∈ G(Λ) if and only if there are
• a sequence of diffeomorphisms fn converging to f in Diffr(M)
• a sequence of periodic measures µn ∈M(fn) where the supports suppµn con-
verge to a subset of Λ for the Hausdorff topology,
such that τ = limn→∞ σ(µn). Moreover, for any open set U ⊃ Λ, there exists an
open set U ⊂ Diffr(M) such that:
• f is in the closure U ,
• for any diffeomorphism g in a residual subset R ⊂ U , if Πg|U is the set of
Lyapunov maps of periodic measures for the restriction g|U , then the closure
Πg|U is a neighborhood in R
d of the polytope G(Λ).
Remark 7.2. Theorem 13 also holds
• if Λ is the closure of the orbit of a homoclinic point for P ,
• in the C1+α topologies. One needs however to adapt the statement the same
way we adapted the statement of Theorem 1 to obtain Theorem 8.
If Λ is now a heterodimensional cycle linking two saddles P and Q, I is the union
of {0, d} and the set of integers 0 < i < d such that there is a dominated splitting
of index i on Λ, and µ, σ are the Lyapunov maps of the Dirac measures at the two
saddles P and Q of the homoclinic cycle, then the candidate set G(Λ) in Theorem 13
would be the polytope formed of convex Lyapunov maps τ such that, for some
0 ≤ λ ≤ 1,
• τ ≥ τλ = λµ+ (1− λ)σ,
• τ coincides with τλ at indices i ∈ I.
Conjecture 7.2.1. Theorem 13 still works if one replaces the homoclinic tangency
by a heterodimensional cycle.
It would work when the difference of indices between the two saddles is 1, by
creating a robust heterodimensional cycle relating both saddles. It seems indeed
reasonable to adapt to the Cr-topology the results of Bonatti-Diaz-Kiriki [BDK].
However this does not work for a larger difference between indices: there are exam-
ples of heterodimensional cycles that cannot be turned robust by C1-perturbations.
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One would need to find another way to create a non-trivial homoclinic class Hom(P, f)
where there are periodic points that spend most of their time close to Q. We do not
know if this is possible yet, even by C1-perturbations.
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